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Title: Write a program to Implement Page Rank Algorithm. 
Objectives: Implement Page Rank Algorithm. 
Problem Statement: Write a program to Implement Page Rank Algorithm. 
Outcomes: Student can understand how to Implement Page Rank Algorithm. 
Tools Required:

Hardware:
Software: Open source operating system

Theory:
Introduction:
The basic PageRank algorithm can be mathematically represented using matrix notation. Let’s 
begin by defining a few key terms first:

 N: The total number of web pages
 A: The adjacency matrix of the web graph, where A(i, j) = 1 if there is a link from page j to 

page i, and 0 otherwise. Notice that an outbound edge is encoded from a column index to a row 
index.

 M: The transition matrix, where M(i, j) = A(i, j) / Out(j), and Out(j) is the number of 
outbound links from page j. Notice here that each column will sum up to one in M. Therefore, 
the transition matrix, M, is column-stochastic.

 r: The PageRank vector of length N, where r(i) represents the PageRank of the ith web page.
Now, let us define the matrix formula for the basic PageRank algorithm:

r = MrNotice that M is an N*N matrix, and r is a column vector of length N. For clarity, the 
equation above can be written programmatically as:

r_new=r_prev=[Uniform rank vector with all equal values of 1/N]

While (true): # Infinite loop

    r_new = M*r_prev

    If (r_new and r_prev are almost equal)

        break

    r_prev=r_new



This matrix multiplication is iteratively solved. The vector, r, converges to a steady-state vector 
(when r_new is almost equal to r_prev), which represents the final page ranks. The resulting page 
ranks determine the order in which web pages appear in search results.

As an example, let us assume that we have the following network. Website A links to websites B, C, 
and D (outbound links from A to B, A to C, and A to D); B links to C (outbound link from B to C); 
C links to A (outbound link from C to A); D links to B and C (outbound links from D to B and D to 
C).

Figure: Let us call this network “Our Good Network.”
 
The corresponding adjacency matrix for Our Good Network is as follows.

– A B C D

A 0 0 1 0

B 1 0 0 1

C 1 1 0 1

D 1 0 0 0

The corresponding transition matrix, M, is provided below.

– A B C D

A 0 0 1 0

B 1/3 0 0 1/2

C 1/3 1 0 1/2

D 1/3 0 0 0

The initial rank vector is:

r_prev = [1/4, 1/4, 1/4, 1/4]

Iteration 1:

r_new = M * r_prev



r_new =

  [[0, 0, 1, 0 ] * [1/4, 1/4, 1/4, 1/4]

  [1/3, 0, 0, 1/2 ]

  [1/3, 1, 0, 1/2 ]

  [1/3, 0, 0, 0 ]]

r_new = [0.25, 0.20833333, 0.45833333, 0.08333333]

r_prev=r_new

Iteration 2:

r_new = M * r_prev

r_new = 

  [[0, 0, 1, 0 ] * [0.25, 0.20833333, 0.45833333, 0.08333333]

  [1/3, 0, 0, 1/2 ] 

  [1/3, 1, 0, 1/2 ] 

  [1/3, 0, 0, 0 ]]

r_new = [0.45833333, 0.125, 0.33333333, 0.08333333]

r_prev=r_new

Iteration 3:

r_new = M * r_prev 

r_new = 

  [[0, 0, 1, 0 ] * [0.45833333, 0.125, 0.33333333, 0.08333333]

  [1/3, 0, 0, 1/2 ] 

  [1/3, 1, 0, 1/2 ] 

  [1/3, 0, 0, 0 ]]

 

r_new = [0.33333333, 0.19444444, 0.31944444, 0.15277778]

r_prev=r_new

After 71 such iterations, the rank vectors r_prev and r_new will become almost equal. It will be the 
following one.



[0.35294118, 0.17647059, 0.35294118, 0.11764706]
It indicates that webpages A and C are equally important and have the highest importance 
(0.35294118). Website B is of the next importance (0.17647059). Website D has the least 
importance (0.11764706).
The equation r=M*r might suffer from a spider trap issue. A spider trap happens when a website is 
structured to allow web crawlers to follow a series of links, causing the crawler to revisit the same 
page(s) repeatedly without finding new content. With one page linking only to itself, all the 
PageRank values can end up on that page. For example, the following network has a spider trap at 
node D.
 

Figure: Let us call this network “Our Spider Trap Network” because it has a spider trap at node D
 

If you apply PageRank on this network, you will converge at [0, 0, 0, 1] rank vector using the basic 
PageRank algorithm we have discussed. That is, since D has a self-loop and no outgoing link, all 
the PageRank juice will end up in D, giving an illusion that D is the most important webpage and A, 
B, and C are entirely unimportant.

Additionally, there can be an issue of a dangling node. A dangling node is a web page with no 
outgoing links, meaning that PageRank flows into the page but cannot pass any PageRank to other 
pages. Dangling nodes can cause problems in calculating PageRank scores because they break the 
connectivity of the link graph. The dangling node’s column in the adjacency matrix A will have 
only zeros, giving a division by zero error when doing this computation: A(i, j) / Out(j), during the 
computation of M. For example, D is a dangling node in the following network.



The term “dead end” is often used interchangeably with the term “dangling node” in the context of 
web page links and graph theory.
While the dangling nodes can be detected easily and removed from consideration, spider traps are a 
little more challenging to handle, especially when a small group of web pages tries to keep the 
PageRanks to themselves artificially (and, of course, decisively).

To resolve the issue of Spider Trap, the basic PageRank algorithm introduces the concept of random 
teleportation.

PageRank Algorithm with Random Teleportation

To address the spider trap problem, we can introduce random teleportation, which allows the 
random surfer to jump to any page on the web with a certain probability instead of being trapped 

within closed loops. This is achieved by adding a damping factor ( ) and a teleportation matrix U.

Teleportation is introduced by adding a teleportation matrix, U, to the equation. The teleportation 
matrix represents the probability of a user jumping to any random page on the web. The simplest 
teleportation matrix U can be considered a column-stochastic version of an adjacency matrix with 
all 1’s in all cells. That is, each cell of the teleportation matrix contains the value 1/N, where N is 
the number of web pages.

U ensures that the random surfer has an equal probability of jumping to any page on the web. The 

damping factor ( ) is typically set to 0.85.

The modified PageRank equation with teleportation is:

Given that U is uniform and r is a rank vector that sums up to 1.0, the resultant rank vector with the 
multiplication of Ur will always be a unique rank vector with the content  of length N. The T in the 
vector ensures a column vector representation instead of a row.

That is, 

Therefore, the modified PageRank equation with teleportation becomes:

Notice that   is a one-time computation that will not change over the 
iterations and hence can be precomputed.

The pseudocode becomes:



r_new=r_prev=[Uniform rank vector with all equal values of 1/N]

v=(1-beta)*r_new

While (true): # Infinite loop

    r_new = beta*M*r_prev+v

    If (r_new and r_prev are almost equal)

        break

    r_prev=r_new

This new equation accounts for the probability of    that a user may jump to a random 
page.

Now consider Our Good Network again, for which the transition matrix M was:

– A B C D

A 0 0 1 0

B 1/3 0 0 1/2

C 1/3 1 0 1/2

D 1/3 0 0 0

with 

 will be

Running iterations over:

r_new = beta*M*r_prev+v

we will observe the following rank vectors:

After Iteration 1:
[0.25, 0.21458333, 0.42708333, 0.10833333]

After Iteration 2:
[0.40052083, 0.154375, 0.33677083, 0.10833333]

After Iteration 3:
[0.32375521, 0.19702257, 0.32824132, 0.1509809 ]



…………………  ………….. …………………

After convergence with Our Good Network:
[0.33286614, 0.1878322, 0.34748958, 0.13181207]

If you apply the updated PageRank algorithm with random teleportation on “Our Spider Trap 
Network,” instead of [0, 0, 0, 1], you will converge at [0.12624893, 0.07327053, 0.10441051, 
0.69607004] with beta=0.85. Even though D still has the highest rank, A, B, and C now have 
comparable PageRank values instead of zeros.

We have mentioned the word convergence several times in this article but haven’t yet discussed 
how it works in the PageRank algorithm. Here is how convergence works in the PageRank 
algorithm.

The Convergence of the PageRank Algorithm

The part

"If (r_new and r_prev are almost equal)"

in out pseudocode refers to the convergence of the algorithm.

To ensure that the iterative process of the PageRank algorithm converges to a stable set of 
PageRank values, we need to establish a convergence criterion. One commonly used criterion is the 
difference between the PageRank vectors of two consecutive iterations.

Given two consecutive PageRank vectors r(t) and r(t+1) at iterations t and t+1, or, as used in our 
pseudocode, r_new and r_prev, we can calculate the difference between these two vectors using a 
suitable norm, such as the L1 norm or the L2 norm.

L1 Norm (Manhattan Norm)

The L1 norm calculates the absolute difference between the corresponding elements of two vectors 
and sums them up. The formula for the L1 norm is:

L1_norm(r(t+1), r(t)) = 

for i = 1, 2, …, N, where N is the number of web pages.

L2 Norm (Euclidean Norm)

The L2 norm calculates the squared difference between the corresponding elements of two vectors, 
sums them up, and takes the square root of the result. The formula for the L2 norm is:



L2_norm(r(t+1), r(t)) = 

for i = 1, 2, …, N, where N is the number of web pages.

To determine convergence, we compare the calculated norm with a predefined threshold (e.g., ε = 
0.001 or any small positive value). If the norm is less than the threshold, we consider the PageRank 
values to have converged:

L1_norm < ε, or

L2_norm < ε

Once the convergence criterion is met, we can stop the iterative process and use the PageRank 
vector from the last iteration as the final set of PageRank values, representing the relative 
importance of the web pages.

The pseudocode can be modified (let’s say, using L1_norm):

r_new=r_prev=[Uniform rank vector with all equal values of 1/N]

v=(1-beta)*r_new

While (true): # Infinite loop

    r_new = beta*M*r_prev+v

    diff=L1_norm(r_new, r_prev)

    If (diff< )

        break

    r_prev=r_new

 

Python code for PageRank Algorithm

Here is my simple Python code for PageRank algorithm. I used this code for the calculations I 
showed on this page. Change threshold, beta as needed. A is the adjacency matrix in which outgoing 
links must be encoded from columns to rows.

import numpy as np



threshold = 0.0000000000001
beta =0.85

'''
# Our Good Network
A=[[0,0,1,0],
   [1,0,0,1],
   [1,1,0,1],
   [1,0,0,0]]
'''

# Our Spider Trap Network
A=[[0,0,1,0],
   [1,0,0,0],
   [1,1,0,0],
   [1,1,0,1]]

arr=np.array(A, dtype=float)

s=[]

for i in range(0, len(A)):
    s.append(np.sum(arr[:,i]))

print("Summation of columns: ", s)   

M=arr

for j in range(0, len(A)):
    M[:,j]=M[:,j]/s[j]

print("Column stochastic probability matrix, M:")
print(M)

r=(1.0+np.zeros([len(M), 1]))/len(M)

print("Initial rank vector:")
print(r)

uniformR=(1.0-beta)*r

r_prev=r



for i in range(1, 1001):
    print("Iteration: ", i)
    r=beta*np.matmul(M, r_prev)+uniformR
    
    print("The rank vector: ")
    print(r)
    
    diff=np.sum(abs(r-r_prev))
    if (diff<threshold):
        break
    
    r_prev=r

print("The final rank vector: ")
print(r[:, 0])

Conclusion: After completion of this experiment. We have studied how to do page ranking.

Questions:
Q.1) What is Page Rank Algorithm? Explain with example.
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